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Abstract: We study the growth of fluctuations in collapsing cosmologies, extending old
work of Lifschitz and Khalatnikov to a general class of linear equations of state. We nd
that fluctuations dominate the homogeneous background for all equations of state except
p = ρ. This leads us to hypothesize that the generic nal state of any Big Crunch is a
dense gas of black holes. In a companion paper we have argued that such a fluid indeed
has the equation of state p = ρ. We explore some of the consequences of these results.
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1. Introduction
A wide variety of cosmological initial conditions for Einstein’s equations lead to a future
spacelike singularity colloquially known as a Big Crunch. The energy density and curva-
ture invariants all become singular on an entire spacelike hypersurface. For many years,
physicists have speculated about the meaning of this singularity. A popular scenario,
which has recently been revived in the context of string theory [3] is that quantum eects
would lead to a "bounce" followed by reexpansion of the universe.
In the present paper, we will present a dierent view. We will argue that the generic
nal state in a Big Crunch is a maximally sti p = ρ fluid, and further, that even
the collapsing cosmological solution in the presence of such a fluid, is in some sense, a
stationary state. In a recent paper [2] we have argued that such a fluid is the appropriate
semiclassical initial state for the Big Bang. In a companion to the present paper[4], we
elaborate those remarks into a complete cosmology. In particular, we show there that a
mechanistic model for such a fluid is a "dense gas of black holes". This picture will form
the basis for our intuitive discussion of the Big Crunch1.
However, the main burden of this paper is a technical result on the growth of fluc-
tuations in a collapsing Friedmann-Robertson-Walker (FRW) universe. This subject was
studied in a series of early papers by Lifshitz and Khalatnikov[8]. These authors developed
a general formalism for the study of fluctuations, and behavior near a singularity, and
applied it primarily to the study of cosmologies with the conventional equations of state
of nonrelativistic and ultrarelativistic gases. They concluded that in these cosmologies,
fluctuations come to dominate the energy density as one approaches the singularity.
We have done the simple exercise of extending the LK analysis to general equations
of state of the form p = κρ. We nd the following quite remarkable conclusion: For all
κ < 1 the growth of fluctuations near the singularity persists. However, for κ = 1, there
is no catastrophic growth of inhomogeneity! This result is consistent with our previous
1We emphasize that although the equation of state is the same, the quantum states of the Big Bang
and Big Crunch are very different. The Big Bang state consists of a collection of systems with limited
correlation between them because of the existence of a finite particle horizon. In the Big Crunch, we
imagine that all the states of the universe are correlated.
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claims that the FSB[6] holographic bound is saturated in p = ρ cosmology[5] and that
this implies that no inhomogeneous fluctuations can develop in such a fluid[2]. Together
with the picture of the p = ρ fluid as a dense gas of black holes, this leads to an hypothesis
for the universal behavior of the universe near a Big Crunch.
Consider an approximately homogeneous universe, which is approaching a Big Crunch
singularity. If the equation of state has κ < 1, the above result shows that inhomogeneities
will develop and inevitably grow. Locally, it is clear that the growth of inhomogeneities
will result in gravitational collapse and the creation of black holes. Further collapse of
the universe will lead to merger of black holes into larger black holes, resulting in a
dense gas with equation of state p = ρ. Our result then says that there are no growing
inhomogeneities in this gas.
Indeed, despite the fact that Einstein’s equations say that the universe in the presence
of such a gas continues to collapse, we believe that the p = ρ fluid is in some sense a
quiescent, stationary state. All flat FRW universes whose scale factor is a pure power of
the time, have conformal Killing vectors. The metric rescales by a constant factor when
the cosmic time, and spatial coordinates are rescaled in a correlated fashion. This is in
no sense a symmetry of the physics in a generic FRW universe. The Hamiltonian for
particles and waves propagating in such a universe are not invariant under this conformal
isometry. However, if we believe that p = ρ fluid has no such localized excitations, then
there are no apparent observables that detect the change of scale 2.
2. The calculation
Following [8], we work in conformal coordinates for the FRW universe:
ds2 = a2(τ)(−dτ 2 + (dxi)2). (2.1)
The linearized stress tensor has the form:
δT ki = (p+ ρ)(uiδu
k + ukδui) + (δp+ δρ)uiu













Primes denote derivatives with respect to conformal time τ , and ni is the dimensionless














2We will avoid talking to any person who asks us the unpleasant question of what the observables in
a p = ρ gas are!
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We are in a synchronous gauge, where h00 = 0 = h0α.
The linearized Einstein equations determine λ and µ in terms of four auxiliary func-
















(−2 + 3ω/2)] + ωζ/2 = 0 (2.7)
ζ 0 + ζ
a0
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)2(9ω/2− 6)] = 0 (2.8)
In these equations, ω parametrizes the equation of state of the fluctuations: δp = ωδρ.
Then
λ+ µ = (λ0 + µ0)
∫
ψdτ (2.9)






For generic values of ω, we can solve equation (2.10) for ζ and obtain an equation
depending only on ψ. This strategy does not work for ω = 0, and we will discuss this
special case rst. The relevant formulae for the coecients in our equations, when the




















(1 + 3κ)2τ 2
(2.14)
ρa2  τ−2. (2.15)
The equation for ψ when ω = 0 has the simple solution
ψ = ψ0τ
2 (2.16)
It is then easy to see that the term proportional to ψ in the equation for ζ is negligible
near the singularity. Note that this includes all the dependence on the comoving wave










These equations can now be plugged into (2.9) and (2.10) to obtain λ and µ and even-
tually δρ
ρ
. The lower limit of integration can be changed at will by gauge transformations
that preserve the synchronous gauge [8]. We take it to be zero, to cancel o singular,
pure gauge terms. Note that the powers of τ appearing in these terms are dierent than
the powers in the gauge invariant terms that we retain. The rst, momentum dependent,






For all κ except κ = 1 inhomogeneous nonrelativistic fluctuations dominate the back-
ground near the singularity.





ψ0 − 2ψ [1− 3ω + 9κ(ω − κ)]
(1 + 3κ)2τ 2
= 0. (2.20)
This has solutions of the form τA where
A2 + A[
6ω − 9κ− 1
1 + 3κ
]− 21− 3ω + 9κ(ω − κ)
(1 + 3κ)2
= 0. (2.21)
As before, we choose the most singular power. The power law behavior of ζ is τ (A−1).
We again nd that the momentum dependence drops in the most singular terms (i.e. all
comoving momentum modes grow in the same way) and we nd
δρ
ρ
 [ 18(1 + κ)












where x = A(1 + 3κ)− 2. x satises
x2 + 3x(1− 3κ+ 2ω)− 18(κ− ω)(1− κ) = 0. (2.23)
If κ < 1, the roots have the same sign if ω > κ and opposite sign if κ > ω. So for
κ > ω, there is always an instability. If κ < ω the roots have the same sign and their sum
is 3κ − 2ω − 1. This can only be positive if ω > 1, which violates causality. Thus both
roots are negative and again there is an instability. On the other hand, if κ = 1 then the
two roots are 0 and 6(1− ω) and there is no growth of fluctuations.
4
We note that for κ = ω the coecient in front of the leading singularity vanishes, and
we have a solution with x = 0, for all κ. This just reflects the fact that our equations for
the leading singularity are independent of the comoving momentum. When κ = ω the
homogeneous mode just represents a rescaling of the background energy density.
3. Conclusions
In our opinion, the result of this paper conrms the picture of the p = ρ gas we have
developed in [2] and [4]. The holographic principle implies that there should be no in-
homogeneous fluctuations of this fluid, because the homogeneous gas already saturates
the allowed entropy. This is a quantum gravity prediction. In this paper we have shown
that already in classical general relativity, it is the only fluid for which inhomogeneous
fluctuations do not grow uncontrollaby near a Big Crunch singularity. This is another
manifestation of the slightly mysterious way in which classical GR anticipates deep fea-
tures of the quantum theory. In [4] we have argued that this is a consequence of the
UV/IR connection[7].
On the other hand,our result also shows that any more normal fluid will become inho-
mogeneous as it approaches a Big Crunch. It seems plausible that these linear instabilities
herald collapse into black holes and their subsequent merger. We have argued in [4] that
a dense gas of black holes is in fact a p = ρ fluid.
Our picture of Big Crunch spacetimes can probably also resolve an apparent inconsis-
tency of the holographic interpretation of entropy in some of these cosmologies. Bousso[1]
has pointed out that in a Big Crunch FRW spacetime with suciently soft equation of
state, the Fischler-Susskind Bousso areas of backward light cones begin to decrease as one
approaches the Big Crunch. This is inconsistent with their interpretation as the entropy
(log of the number of physical states) accessible to experiments done in the interior of the
light cone. The latter quantity is surely nondecreasing as one goes into the future. Our
result shows that these spacetimes are in fact unstable solutions of Einstein’s equations
ultimately evolve into the dense black hole phase with p = ρ. In this cosmology, the
entropy per area is constant in time.
One can dene an Areal Time Slicing (ATS)[4] by insisting that each of the backward
light cones whose tip lies on a given time slice have the same FSB area. In an FRW
spacetime, this slicing coincides with the standard FRW time slicing. However, in Big
Crunch spacetimes with soft equation of state, the Areal Time reaches a maximum as a
function of cosmic time and then begins to decrease. We are suggesting that before this
happens, inhomogeneities develop and cosmic time is no longer a sensible variable.
The only puzzling thing about this suggestion is that in the linearized approxima-
tion we have studied, the overall normalization of the fluctuations is arbitrary. Thus,
although fluctuations eventually dominate the homogeneous energy density near the sin-
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gularity, there is no argument that they do so before the maximum of the Areal time.
Our resolution of this problem is at best incomplete.
Finally, on a more speculative note, we have suggested that the p = ρ state of the uni-
verse is stationary and quiescent, despite the fact that conventional physical observables
like the energy density are diverging near the singularity. We do not have a sensible de-
nition of observables in this system, but the degeneracy of black hole states with respect
to the FRW energy, and the fact that the p = ρ geometry has a conformal isometry, sug-
gest that the observables of the system should all be scale invariant, and thus insensitive
to the apparent contraction of the universe. Once we have entered the p = ρ state, the
conventional notion of FRW time may no longer be a useful one.
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